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PETR VOJCAK 

Abstract. We obtain compatible Hamiltonian and symplectic structure for a new two- 
component fifth-order integrable system recently found by Mikhailov, Novikov and Wang, 
and show that this system possesses a hereditary recursion operator and infinitely many com- 
muting symmetries and conservation laws, as well as infinitely many compatible Hamiltonian 
and symplectic structures, and is therefore completely integrable. The system in question 
— ^ admits a reduction to the Kaup-Kupershmidt equation. 
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pg ' In the course of an ongoing classification of integrable polynomial evolution systems in two 

independent and two dependent variables Mikhailov, Novikov and Wang [8] (see also [9]) have 
found a system 
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ut = —nU5 — lOvvs — 15fif2 + lOuu^ + 25uiU2 — Qv'^vi + Gv'^ui 



+I2uvvi - I2v?ui, 



(1) 



vt = 15f5 -|- 30t'it;2 — 30w3n — 45f2tii — 35f in2 — l^vu^ — Qv vi 

J!^ . Here and below Uj = ^-|, Vj = ^-j. Note that ([T|) is one of just two new integrable systems 

^sO . found in [8j, and therefore it is natural to explore its properties in order to find out whether 

it enjoys any features not present in the other higher-order integrable systems. 

Upon setting v = the system ([T|) reduces [8] to the well-known Kaup-Kupershmidt equa- 



^^ ' tion, see e.g. HI [15] and references therein for more details on the latter. 
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Using the so-called symbolic method Mikhailov et al. [8] proved that the system ([T]) pos- 
sesses infinitely many generalized symmetries (in the sense of |10j ) of orders m = 1, 5 mod 6. 
However, this result alone neither provides an explicit construction for the symmetries in ques- 
tion nor does it necessarily entail the existence of a recursion operator, see e.g. [U [H] and 
references therein. On the other hand, no recursion operator, symplectic or (bi-) Hamiltonian 
structure for ([1]) was found so far. In view of the important role played by these quantities in 
establishing integrability, see e.g. O |T0] and references therein, it is natural to ask whether 
([1]) admits any such quantities at all, and it is the goal of the present paper to show that this 
is indeed the case and thus ([I]) indeed is a completely integrable system. 

To this end we have first found a few low-order symmetries and cosymmetries of ([1]) and 
subsequently constructed nonlocal parts of the operators in question (and then the operators 
per se) using these quantities, cf. e.g. [lllTllIT]. As a result, we arrive at the following assertion. 
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Theorem 1. The system (OP possesses a Hamiltonian operator 



a symplectic operator 

5 = (^^11 + |72i^x ^ ° 711 + f ^x ^ ° 721 ^12 + §721^^^ ° 712 + ^D-^ o 722' 

y S2I + §722-0^^ o 711 S22 + §722-0"^ O 712 ^ 

and a hereditary recursion operator 1Z = V o S that can he written as 

GuD-^ o 711 + Gi2£'^^ o 721 i?i2 + GiiD-^ o 712 + GuD-^ 

G2I-D-I o 711 + G22D-^ o 721 i?22 + G2lD-^ o 712 + ^22-0^^ 





Sii = —D^ + 6uDx + 3^1, 512 = —6vDx + 3vi, 

S21 = -QvD, - 9vu S22 = 9Dl - (f n - fv)D, - f m + fvi, 

711 = 1, 712 = 0, 721 =U2- ^u2 + |t;2, 722 = -|t;2 + l^uv - 3V2, 
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n6 36„,n4 108„, n3 rl^?,, 324,,2 , 252„,2\ n2 

-(21w3 - ^uui + 36t;fi)D^. - fui + ^UU2 - ^VV2 + ■ 

_423„,2 _ 864 3 , 864„„2 _ 216„,3 
25 '^l 125" """ 125"'^ 125^ ' 

fvDt + '-fv^Dl + (f .2 - W^v + ^-§v^)Dl 

+(f .3 + ^..1 - IM..1 - '^uv,)D^ - if n.2 + %u\ 

234„, „, 18„,„, 36„, „, I 126„,2 , 3„, 

i?21 = fvDt + ^.iZ?3 _ (^^, _ 129,^ + ^,2)^2 

-i^^vu, + if^n^i - ^^3 + W^^i)D. + m^'^ - ^""^ 

_486,„,, _L 297 , 378 2 , 432 2 _ 1656 
p _ 97n6 I 324„,n4 I ,'648„, 324,, \ n3 1 /' 252,,2 972, ,2 486„, 1 729,, \ n2 

+ (81^3 - bAv^ - ^^UUl + ^-§VV, - ^-§VUl + ^-§UVl)D, - ^UU2 + %uv^ 
324,,,, I 324,,,, I 198,,,, 54,, , 153,,2 243,,2, 81,, 216, ,3 

Gil = -|^i5 - f ^^^3 - f ^^i^^2 + f 'U'U3 + 18nin2 - ^v'^vi + ^v'^ui + "^uvvi - ^n^m, 

r — 54,, I 108,, ,, 108,, ,, 162,, ,, 126,, ,, 36,,,, 108, ,2,, , 108, ,2,, 
(-r21 — — ^^5 + -5-Wl^^2 5~^3^t ^V2Ui 5-^1^2 §"^^3 25"^ ^1 + "25"^ ^1 

r — 18,, r — 18,, 

Lrl2 — 25^1' ^22 — 25^1- 

This result can be readily verified by straightforward but tedious computation. 



Note that we can write the nonlocal terms of recursion operator @ and symplectic operator 
© in the form (cf. P El [S]) 
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7^- = XlG'"«'^^^°7a, (5) 

S. = -{^l^D-^oj2+lI^D-^o^,), (6) 

where 

Ga = I " I , 7a = ilal, 7a2)- 

This enables one to rewrite the quantities "P, S and 7?. in the so-called Guthrie form [3|ll2j. 

Let us also mention that the recursion operator 7^ can be employed for the construction of 
a zero-curvature representation for ([T]) , and we intend to address this issue in our future work. 

Setting V = in V, S, and TZ and extracting the appropriate entries thereof we read- 
ily recover the Hamiltonian, symplectic and recursion operator for the Kaup-Kupershmidt 
equation, cf. e.g. [15j and references therein. 

Moreover, it readily follows from Theorem [1] that the system ([T| has, as usually is the case 
for integrable systems (see e.g. [2]), infinite hierarchies of compatible Hamiltonian operators 
7^'^ o V and symplectic operators S o TZ^, k = 0,1,2 .. . In particular, this means that ([1]) is a 
multi-Hamiltonian system. 

While the Hamiltonian operator V is local, it is straightforward to verify that all Hamilton- 
ian operators of the form TZ oV, k = 1,2, . . . , are nonlocal. We conjecture that V is the only 
local Hamiltonian structure for the Mikhailov-Novikov-Wang system (1). Note also that all 
symplectic structures S o 7^'^, A: = 0, 1, 2, ... , including S itself, are nonlocal. 

Furthermore, it is possible to construct two infinite sequences of conserved functionals ^i,fc 
and H2^k given by the formula 

6H,,k = {n*)\5H,), (7) 

where 

Hi = — / udx, H2= i -u? w? + -u^ + -v^ - 2uv^ ] dx, 

37 7 V6 2 ^ 3 3 ) 

TZ* = 5 o 7-" is the formal adjoint of 7?. and 5 stands for the variational derivative. It is readily 

seen that all functionals Hi^k are in involution with respect to Poisson brackets associated 

with the Hamiltonian structures 7^* o T^ for all s = 0, 1, 2, ... . By Proposition 2 of [13j, for 

all functionals Hi^k = J pi^^dx, i = 0,1,2, ..., k = 1,2, their densities pi^k defined recursively 

through ([7]) are local, i.e. they depend (at most) on x, t, u, v and a finite number of Uj and Vj. 

System ([T|) can be written in the Hamiltonian form 

= V5H2. (8) 




Let 

Qi=hj]=V6H,, Q2=V5H2, (9) 

i.e. Q2 is a column containing the right-hand sides of ([T|). The recursion operator @ and the 
symmetries with the characteristics Qi and Q2 are readily verified to meet the requirements 
of Theorem 1 from [13] . and therefore the symmetries with the characteristics Qij = TZ^{Qi), 
i = 1,2, j = 0,1,2,..., are local. In fact, it can be shown that for any given i and j the 
characteristic Qij depends only on u,v,ui,vi, . . . , ui+4(j_i)+6j, t'i+4(j_i)+6j- Moreover, as the 
recursion operator Q is hereditary and the symmetries with the characteristics Qi and Q2 
commute, so do the symmetries with characteristics Qtj for all i = 1,2 and all j = 0, 1, 2, . . . 
For example, seventh-order symmetry of ([T|) has the characteristic Qi^i = (Qi 1, Qi 1)"'", 
where 

Q\, = ur- funs + ^4 - ^mvf - ^u,u, - ^V2U,v + ^uu,U2 

-^V^UVi - ^^UViV2 + ^V^V3 + f W2f3 + 21^1^4 + fvv^ - ^U2U3 

252„,2„, I 126„,3 1134 „, ,, „, , 756, ,„, „, 
~^5"^ ^3 + "25"^1 25~^1^2t^ + -25-^^1^2, 

Ql^ = -TJv-^ - '^-§V2Uxv + ^v\3 + ^v\ + 189^4^1 + ^^4^1 - ^u\vx (10) 

+ if^ 7X2^3 - ^t'2W3 - fi^^^l - W^^^3 - ^^'1W2V + ^UVxV2 
^^VVxV2 - ^UxVU2 + '^Uxvl + ^VgU - ^^^^3 " '^U2UVx 
-^V,V, - ^V2U,U + ^U^V, + 11^2^1 - ^U^V3 + ^n3t;2 
+ i^„2^^^ + fu,V. 

Let us also mention that the formulas ([5]) and Q are special cases of a more general relation 

Q,,j=V5Hij, i = l,2, J =0,1,2,..., (11) 

and the flows associated with Qij with j ^ 1 are bi-Hamiltonian, as we have 

Q^j = V6Hij=V6Hij_i, i = l,2, j = l,2,.... (12) 

by virtue of ([7]). Here "P = 7?- o P. 
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